Method.-Our approach is based on a simple yet powerful idea: split the physical degrees of freedom into smaller, more fundamental entities which, when coarsegrained, reproduce the original physical ones. In other words, fine-grain the local Hilbert spaces at each site.
We develop a strategy for tensor network algorithms that allows to deal very efficiently with lattices of high connectivity. The basic idea is to fine-grain the physical degrees of freedom, i.e., decompose them into more fundamental units which, after a suitable coarse-graining, provide the original ones. Thanks to this procedure, the original lattice with high connectivity is transformed by an isometry into a simpler structure, which is easier to simulate via usual tensor network methods. We prove the validity of our approach by numerically computing the ground-state properties of the ferromagnetic spin-1 transverse-field Ising model, as well as of the hard-core and soft-core Bose-Hubbard models on the triangular lattice. Our results are benchmarked against those obtained with other techniques, such as perturbative continuous unitary transformations and graph projected entangled pair states, showing excellent agreement and also improved performance in several regimes.
Introduction.-During the past decade there has been a rapid development of tensor network (TN) states and numerical methods [1] [2] [3] [4] [5] for simulating strongly correlated quantum many-body systems. These are mathematical objects which use the knowledge about the amount and structure of entanglement in quantum many-body states in order to reproduce the state accordingly. TN methods use such objects as ansätze to simulate quantum lattice systems in different regimes, and have been remarkably successful [6] [7] [8] [9] [10] [11] [12] [13] [14] . Inspiringly, TN states also show up in other disciplines, such as quantum gravity [15] , artificial intelligence [16, 17] and even linguistics [18] . Despite being extremely versatile, TNs are not free from limitations, though. The most obvious one is the ability to capture the expected structure of entanglement in the TN ansatz, i.e., to incorporate the correct scaling of the entanglement entropy. The amount of entanglement is also a limitation itself, where one of the key parameters of the TN, the so-called bond dimension, may be just too large to simulate the system at hand when there is too much entanglement in the quantum state. In addition to these limitations, one also has to deal with geometric bottlenecks. For instance, the simulation of a triangular lattice with projected entangled pair states (PEPS) [1, 5, 19, 20] would naively imply tensors with six bond indices, if we were to use one tensor per lattice site. As such, handling tensors with so many indices quickly becomes computationally expensive for numerical simulations. The same problem also arises for higherdimensional systems, where high-connectivity lattices are quite usual. This is a serious issue, since such largeconnectivity lattices are usually linked to exotic phases of quantum matter such as topological quantum spin liquids [21] [22] [23] [24] [25] .
Here we propose a physically motivated strategy to solve this problem, which on top is remarkably efficient and accurate. The idea is to break down the physical de-grees of freedom into "smaller" pieces, i.e., to fine-grain the lattice. This can be done at the expense of introducing a set of fine-graining isometries. The key advantage is that the fine-grained lattice is easily amenable to TN methods. Unlike other proposals of TN methods for highconnectivity lattices [7, 10-13, 26, 27] , our approach preserves the correct geometric structure of the system, thus being better-suited in terms of the entanglement structure. In what follows we explain the approach and use it to compute ground-state properties of the ferromagnetic spin-1 transverse-field Ising model, as well as of the hard-core and soft-core Bose-Hubbard models on the triangular lattice. We benchmark the results against those obtained with perturbative continuous unitary transformations (pCUTs) [28, 29] and graph projected entangled pair states (gPEPS) [13] , showing excellent agreement and also improved performance in several regimes. f and H [2] f into the physical space Hp. The isometry verifies W † W = Ip, with Ip the identity in the physical space; (b) Expectation value of an one-site operator for a 2d PEPS on a triangular lattice; (c) By introducing resolutions of the identity W † W at every site, we can rewrite the expectation value in terms of a fine-grained two-site operator and fine-grained PEPS tensors on a 2d square lattice. As such, working with the original operators on the original triangular lattice is equivalent to working with fine-grained operators on the square lattice.
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The idea above is generalized as follows: a physical degree of freedom described by a Hilbert space H p can be understood as the coarse-grained space of some other fine-grained Hilbert spaces H [1] f and H [2] f via some isometry W , i.e.,
with W = if1f2 W i f1f2 |f 1 |f 2 i|. In TN language, the 3-index tensor W i f1f2 coarse-grains the indices f 1 and f 2 into i. Seen in reverse, the physical index i is fine-grained into indices f 1 and f 2 by the isometric tensor W i f1f2 . Since W is an isometry, it implies that W † W = I p , with I p the identity in the physical Hilbert space H p , see Fig. 1 .a. Let us remark that we considered here the case of two fine-grained Hilbert spaces, but the idea can be easily generalized to having more than two. In fact, the whole isometry W could even have a TN structure itself (as in, e.g., the multiscale entanglement renormalization ansatz (MERA) [30] ), if required. Generically, the isometry can also be understood in the language of entanglement branching operators [31] .
Next, we apply this fine-graining to the physical degrees of freedom of many-body systems with highconnectivity, which allows us to simplify the underlying lattice structure and therefore make them more amenable to TN simulation methods. Let us consider, without loss of generality, the case of a triangular lattice. As shown in Fig. 1 .b-c, fine-graining every site maps the triangular lattice into a square lattice. The key point is to realize that, in such a scenario, operators on the triangular lattice are mapped to operators on the fine-grained square lattice via the isometry W, as shown in Fig.1 .c. For instance, for an one-site operator O p acting on one site of the physical lattice, one has
with O f the corresponding operator on the fine-grained lattice. In the case of the triangular lattice that we are discussing, this maps a one-site operator O p on the triangular lattice to a two-site operator O f on the square lattice. In general, for a fine-graining isometry involving n fine-grained Hilbert spaces, an m-body operator on the original lattice is mapped to an (n × m)-body operator in the fine-grained one.
Our method can thus be summarized in three steps:
1. Find an isometry W that reduces the connectivity of the lattice after fine-graining.
2. Use W to map all operators involved in the TN algorithm to their fine-grained versions.
3. Run the TN algorithm on the fine-grained lattice using the fine-grained operators.
The mapping between lattices preserves locality inasmuch the isometry W is local. This implies, for instance, that local expectation values in the original lattice may also be mostly local in the fine-grained one. Notice also that, at the level of TN optimization and calculation of local expectation values, one can fully operate in the finegrained space only, see Fig. 1 .c for an example.
A number of practical considerations are in order. First, the isometry W is a new degree of freedom that enters the TN algorithm. It could be optimized following a MERA-like procedure, yet another option is to fix it to some reasonable choice and optimize over the tensors of the fine-grained TN. This choice is not unique and moreover it is also reasonable to think that some isometries may work better than others in practice depending on the symmetries of the system. Generally, an isometry that splits the physical Hilbert space symmetrically seems to be beneficial (e.g., a decomposition of 1 = 0 ⊗ 1 is valid but unbalanced). Second, interaction terms in the fine-grained Hamiltonian may become of slightly longer range. For instance, for a Hamiltonian with nearest-neighbour interactions on the triangular lattice, one gets interactions that span over four sites in the fine-grained square lattice. Third, and as we said above, more complicated isometries are also possible, even with an internal TN structure.
Numerical results.-In order to benchmark the validity of our approach we computed the ground-state properties of several models on the triangular lattice for a unit cell of 2 × 2 tensors. For this, we used fine-graining together with the infinite-PEPS algorithm [32, 33] on the square lattice with a 2 × 4 unit cell and simple update, also for four-body interactions, and computed expectation values with Corner Transfer Matrix (CTM) techniques [7, 9, 33 ].
The first model that we considered is the spin-1 ferromagnetic quantum Ising model in a transverse field, described by the Hamiltonian [34] 
with σ In Fig. 3 we also plot longitudinal and transverse magnetizations as computed by fine-PEPS and gPEPS, also in excellent agreement, and with an approximate quantum critical point of (h/J) fine−PEPS c ≈ 5.605. Notice that the critical point obtained by the two tensor network methods deviates from the pCUT result (J/h) pCUT c . This is, however, due to the simple update, which does not make use of the full environment when updating the tensors. Simulations with the full environment would improve the accuracy close to criticality, shall this be required.
Furthermore, we simulated the Bose-Hubbard model on the triangular lattice, described by the Hamiltonian [36, 37] 
with a j , a † j and n j = a † j a j respectively being bosonic annihilation, creation and number operators at site j, t the hopping strength, U the on-site density-density interaction, and µ the chemical potential.
In the hard-core limit U → ∞, where individual sites are either empty or occupied by one boson, this model realizes two exact gapped Mott phases with density zero and one as well as an intermediate gapless superfluid phase. The phase transitions at (µ/J) c = ±6 between the Mott and superfluid phases can be determined exactly by first-order perturbation theory for the one-particle gap of the two Mott phases [35] . Technically, we fine-grain every hard-core boson into two hardcore bosons via an isometry with non-zero coefficients W 0 0,0 = 1, W 1 1,0 = W 1 0,1 = 1/ the fine-grained sites. In Fig. 4 we show our numerical results for the particle density ρ = a † j a j and the condensate fraction ρ 0 = | a j | 2 for fine-PEPS and gPEPS both up to D = 6 and with t = 1, showing excellent agreement in the superfluid and Mott-insulator phases.
Furthermore, we considered the soft-core case up to two bosons per lattice site so that the ground-state phase diagram consists of three Mott lobes with densities n ∈ {0, 1, 2} and superfluid phases. The empty (n = 0) and completely filled (n = 2) Mott states are again exact eigenstates of the system and the corresponding one-particle gap ∆ p n=0 = −µ − 6t (one-hole gap ∆ h n=2 = −U + µ − 12t) can be calculated exactly [35] . This is different for the Mott phase with n = 1 where the hopping term introduces quantum fluctuations. For the fine-PEPS we break down again each local site in terms of two hard-core bosons which, when both occupied, result in a double occupied physical site. For this we use an isometry with non-zero coefficients W 0 0,0 = 1, W 1 1,0 = W 1 0,1 = 1/ √ 2, W 2 1,1 = 1. The particle density and condensate fraction for soft-core bosons is shown in Fig. 5 , computed by fine-PEPS up to D = 5 and gPEPS up to D = 6 with t = 0.01 and U = 1, again showing an excellent agreement in all superfluid and Mott-insulating phases.
Conclusions.-In this paper we have proposed an efficient approach to deal with lattices of high connectivity in TN methods, by using a fine-graining of the physical degrees of freedom. Under suitable conditions, this finegraining simplifies the lattice and essentially keeps locality of interactions. After a fine-graining of operators, the approach allows us to apply usual TN methods on simpler lattices in a remarkably efficient way. We have explained in detail the example of the 2d triangular lattice, which in our approach can be simulated using standard 2d square- lattice PEPS algorithms. Our method has been benchmarked with numerical simulations of the ground state of the spin-1 ferromagnetic transverse-field Ising model as well as the hard-core and soft-core Bose-Hubbard models, all on the triangular lattice, with excellent accuracy when compared to other methods such as pCUT and gPEPS. We think that the approach in this paper will allow to overcome the computational cost associated to simulating lattices of high connectivity, such as the ones typically found for higher dimensional systems and frustrated quantum antiferromagnets. Moreover, the idea of fine-graining is of experimental relevance [38] for facilitating the implementation and measurements of physical observables in optical lattices. We therefore believe that it will become an instrumental tool in the discovery of new exotic phases of quantum matter. We acknowledge discussions with A. Haller, A. Kshetrimayum and M. Rizzi. We also acknowledge DFG funding through GZ OR 381/3-1 as well as GZ SCHM 2511/10-1.
This supplementary material contains details about the simple update for the triangular fine-grained iPEPS, the calculation of expectation values of local operators within the fine-grained iPEPS, the method of perturbative continuous unitary transformations, and exact considerations for the Mott phases of the Bose-Hubbard model.
I. SIMPLE UPDATE FOR THE TRIANGULAR FINE-GRAINED IPEPS
In the simple update of the fine-grained triangular lattice we use the standard infinite time-evolving block decimation (iTEBD) [1] procedure to determine the tensors that represent the ground state of the model. One step of the simple update includes all links in the triangular lattice, and the procedure is repeated with decreasing Trotter steps until convergence of the singular values is reached. Choosing an L x times L y unit cell on the triangular lattice we have to update 3L x L y links, which is done in the resulting L x times 2L y unit cell on the square lattice. Due to the splitting of the physical sites the update of every link now involves four iPEPS tensors instead of only two. In order to lower the computational cost we decompose the input tensors so that all virtual indices that are not affected by the update are separated [2, 3] , and the simple update can be performed more efficiently on the reduced tensors. After the Suzuki-Trotter gate has been applied the resulting tensor is decomposed using an singular-value decomposition (SVD), which yields the updated singular values on the particular link as well as the tensors U used to restore tensors A and B on the left, and V † used to restore tensors C and D on the right. Notice that the singular values S AB and S CD between tensors A, B and tensors C, D respectively are updated too, even though their links are introduced artificially due to the splitting. Eventually this procedure is a simple update for the triangular lattice with extra steps to maintain the fine-grained structure, however we can exploit the fine-graining for the computation of expectation values in the next arXiv:1911.04882v2 [cond-mat.str-el] 19 Nov 2019 section.
II. EXPECTATION VALUES OF LOCAL OPERATORS
Computing the ground state wave function using simple update as described above is not too expensive even for high-connectivity tensors. However computing expectation values becomes more difficult, also because of the geometric structure of the triangular lattice. It is convenient to resort to the square lattice for which one can define an effective environment easily. The environment tensors are computed in a directional CTM algorithm [4] [5] [6] for an arbitrary L x × L y unit cell, the iPEPS tensors are absorbed into all lattice directions iteratively until the environment is converged. The CTM tensors then represent the contraction of the infinite two-dimensional square lattice. For the computation of expectation values we can use the CTM tensors as an effective environment for the iPEPS tensors in the unit cell. Since we can directly compute expectation values in the fine-grained lattice the operator support will be doubled, e.g. a one-site operator on the triangular lattice will become a two-site operator in the square lattice, and so on. Computing the energy per link in the triangular lattice is then done by computing the expectation value of a four-site operator in the square lattice, which is obtained by fine-graining the physical indices of the regular two-site Hamiltonian. For a more efficient contraction of the resulting tensor networks in Fig. 2 we can decompose the four-body gate into two parts that act on both fine-grained sites. The norm of the quantum states is computed similarly, just without the operators. For one-site operators like the particle density ρ = a † j a j we only use two two fine-grained sites and their respective environment tensors.
III. PERTURBATIVE CONTINUOUS UNITARY TRANSFORMATION
The high-order linked-cluster expansions are realized with the help of perturbative continuous unitary transformations (pCUTs) [7, 8] . In the following we describe its generic aspects and refer to the literature for further details.
One can always rewrite any Hamiltonian H exactly as
where the λ j are the perturbative parameters and the unperturbed part H 0 is diagonal in appropriate supersites. For the high-field expansion in the spin-1 transverse-field Ising model as well as for the density n = 1 Mott phase in the softcore Bose-Hubbard model we use single sites as supersites. In both cases one can express H 0 in appropriate units as
where E 0 denotes a constant and Q is a counting operator of local excitations. This decomposition of H 0 is always possible, since the local spectra of the supersites is equidistant in all considered cases. Supersites interact via the perturbation V ≡ j λ j V (j) . In this work always pairs of nearest-neighbor supersites on the triangular lattice are linked by the perturbation. As a consequence of Eq. (2), one can rewrite Eq. (1) as
so that [Q,T n ] = nT n . Physically, the operatorT n ≡ j λ jT (j) n corresponds to all processes where the change of energy quanta with respect to H 0 is exactly n. The maximal (finite) change in energy quanta is called ±N , which is always N = 2 in the models considered below.
In pCUTs, Hamiltonian (3) is mapped model-independently up to high orders in perturbation to an effective Hamiltonian H eff with [H eff , Q] = 0. The general structure of H eff is then a weighted sum of operator productŝ T n1 · · ·T n k in order k perturbation theory. The block-diagonal H eff conserves the number of quasi-particles (qp). This represents a major simplification of the quantum many-body problem, since one can treat each quasi-particle block, corresponding only to a few-body problem, separately, e.g. , the 0qp-block is given by a single matrix element representing the ground-state energy in all considered cases.
The more demanding part in pCUTs is model-dependent and corresponds to a normal-ordering of H eff for which the explicit processes of H 0 and V have to be specified. This can be either done via a full graph decomposition in linked graphs using the linked-cluster theorem and an appropriate embedding scheme afterwards [9] or by calculations on large enough finite clusters, which include all relevant virtual processes. Here we did a full graph decomposition and we concentrated on the 0qp and 1qp pCUT sector, which allows us to extract the ground-state energy per site e 0 and the elementary gap ∆.
A. Extrapolation
We perform standard DlogPadé extrapolations for the one-particle gap ∆. We refer to the literature for a general review of this topic, as for example given in Ref. 10 . Here we give specific information which is relevant for the particular extrapolation we performed in the main body of the manuscript.
Our series are all of the form
with λ ∈ R and c k ∈ R. If one has power-law behavior near a critical value λ c , the true physical functionF (λ) close to λ c is given byF
where θ is the associated critical exponent. If A(λ) is analytic at λ = λ c , we can writẽ
Near the critical value λ c , the logarithmic derivative is then given bỹ
In the case of power-law behavior, the logarithmic derivativeD(λ) is therefore expected to exhibit a single pole at λ ≡ λ c . The latter is the reason why so-called DlogPadé extrapolation is often used to extract critical points λ c from high-order series expansions. DlogPadé extrapolants of F (λ) are defined by
and represent physically grounded extrapolants in the case of a second-order phase transition. Here P [L/M ] D denotes a standard Padé extrapolation of the logarithmic derivative
with p i ∈ R, q i ∈ R, and q 0 = 1. Additionally, L and M have to be chosen so that L + M ≤ k max − 1. Physical poles of P [L/M ] D (λ) then indicate critical values λ c . For our results we study the possible combinations of the order of the numerator and denominator polynomial L and M . We sort them into the families [n, n − 3], [n, n + 3], [n, n − 2], [n, n + 2], [n, n − 1], [n, n + 1], and [n, n] and analyze their convergence.
B. Series expansion Results for the Spin-1 Triangular transverse-field Ising model
The spin-1 ferromagnetic quantum Ising model in a transverse field on the triangular lattice is given by
with σ
[i] α the 3 × 3 spin-one matrix at site i, J > 0 the ferromagnetic interaction strength, and h the magnetic field. We perform a high-field linked-cluster expansion using the pCUT method. Indeed, in the limiting case J = 0 the unperturbed system consists of isolated spin-ones and has an equidistant spectrum. In the following we set h = 1 which fixes the local energy quanta of a single spin one to unity. Indeed, the local energies of a single spin-one are then given by m = m for the states |1, m with m ∈ {±1, 0}. The field term can be written as
where E 0 = −N with N the number of sites is the bare ground-state energy where all spin-ones are in the m = +1 configuration and Q = i n m=0 i + 2n m=−1 i is the counting operator of local energy quanta withn m=0 (n m=−1 i ) the occupation number operator of m = 0 (m = −1) configurations on site i.
The Ising interaction links always nearest-neighbor sites on the triangular lattice and it changes the number of energy quanta (eigenvalues of Q) by ±2 or 0. As a consequence, the Ising perturbation can be expressed as 
IV. EXACT CALCULATIONS FOR THE MOTT PHASES OF THE BOSE-HUBBARD MODEL ON THE TRIANGULAR LATTICE
In the following we give some information on the exact analytical properties of the empty and completely filled Mott phases of the Bose-Hubbard model on the triangular lattice.
A. Hard-Core Bose-Hubbard model on the Triangular lattice In the hardcore limit the local occupation numbers of the Bose-Hubbard model are restricted to zero and one. As a consequence, besides a superfluid phase, there are two Mott phases which are related exactly by particlehole symmetry. For both Mott phases the ground state corresponds to exact product states which are given by |0 n=0 ≡ |0 . . . 0 (|0 n=1 ≡ |1 . . . 1 ) with ground-state energy E n=0 0 = 0 (E n=1 0 = −µN ) for density n = 0 (n = 1). As a consequence, the elementary gap of both Mott phases can be calculated exactly, since it reduces to a nearestneighbor hopping problem of a single particle (single hole) on the triangular lattice which can be diagonalized by Fourier transformation. Specifically, we define a single-particle state and a single-hole state on site i by |1p n=0 , i ≡ |0 . . . 01 i 0 . . . 0 (15) |1h n=1 , i ≡ |1 . . . 10 i 1 . . . 1 .
The kinetic term of the Bose-Hubbard model induces a nearest-neighbor hopping of the particle and the hole, respectively. The dispersion of both excitations is then given by ω 1p ( k) = −µ − 2t (cos(k 1 ) + cos(k 2 ) + cos(k 1 − k 2 )) (17) ω 1h ( k) = +µ − 2t (cos(k 1 ) + cos(k 2 ) + cos(k 1 − k 2 )) ,
where k = (k 1 , k 2 ) denotes the two-dimensional wave-vector. The gaps are located at k = 0 so that
These gaps close therefore exactly at µ/t = ±6.
B. Soft-Core Bose-Hubbard model on the Triangular lattice
In the soft-core limit the local occupation numbers of the Bose-Hubbard model are restricted to zero, one, and two. As a consequence, besides a superfluid phase, there are three Mott phases. For the empty and completely filled Mott phase the ground state corresponds again to exact product states which are given by |0 n=0 ≡ |0 . . . 0 (|0 n=2 ≡ |2 . . . 2 ) with ground-state energy E n=0 0 = 0 (E n=2 0 = (U − 2µ)N ) for density n = 0 (n = 2). As a consequence, the elementary gap of these two Mott phases can again be calculated exactly. Specifically, we define a single-particle state and a single-hole state on site i by |1p n=0 , i ≡ |0 . . . 01 i 0 . . . 0 (21) |1h n=2 , i ≡ |2 . . . 21 i 2 . . . 2 .
The dispersion of both excitations is then given by ω 1p ( k) = −µ − 2t (cos(k 1 ) + cos(k 2 ) + cos(k 1 − k 2 )) (23) ω 1h ( k) = +µ − 4t (cos(k 1 ) + cos(k 2 ) + cos(k 1 − k 2 )) − U ,
